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I A B L E  M A G N E T I C  F I E L D  AND HIGH M A G N E T I C  R E Y N O L D S  N U M B E R S  
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Hall phenomena in an electrically conducting fluid with a vari- 
able magnetic field were considered in [1]. In that paper the basic 
characteristics of the above-mentioned phenomena are determined, 
with certain unimportant constraints, for the case of fluid motion 
along a channel of rectangular cross section in a traveling magne 
tic field. The magnetic Reynolds number was assumed to be small, 
and a solution was given for the induction field in the form of a 
series in powers of the indicated parameter. Quantitative estimates 
based on the data of [1] are impossible in the case of relatively high 
electrical conductivity of the fluid, although certain conclusions of 
a qualitative nature remain valid, There is thus reason to consider the 
case of high magnetic Reynolds numbers. This will also allow a fuller 
picture of the characteristic Hall effect phenomena to be constructed 
for a variaNe magnetic fletd. 

We m a k e  t h e  f o l l o w i n g  a s s u m p t i o n s :  t h e  f l u id  
f l o w s  a l o n g  a c h a n n e l  of r e c t a n g u l a r  c r o s s  s e c t i o n ,  

t h e  c h a n n e l  w a l l s  a r e  n o n c o n d u c t i n g ,  t h e  f l u id  m o t -  

i on  i s  c o n s t a n t ,  i on  s l i p  d o e s  no t  o c c u r ,  t h e  e x t e r n a l  
m a g n e t i c  f i e l d  i s  c r e a t e d  b y  w i n d i n g s  l o c a t e d  on  t he  
i n n e r  s u r f a c e s  of a n  i n d u c t o r ,  i . e . ,  on  t h e  z = 0 a n d  
z = 0 p l a n e s  (0 i s  t h e  c h a n n e l  h e i g h t ) ,  t h e  l i n e a r  
l o a d  of  e a c h  of t he  w i n d i n g s  h a s  one  c o m p o n e n t  in  t h e  

f o r m  of  a t r a v e l i n g  w a v e .  

We s h a l l  d e t e r m i n e  t he  i n d u c t i o n  f i e ld .  

We i s o l a t e  a n  i n f i n i t e l y  t h i n  l a y e r  of f lu id  a l o n g  

t h e  c h a n n e l  a x i s  z = 0/2.  A s s u m i n g  

hi = q~ (z) /~  (t,  x, y), 

r = c ~ ( z - - % 6 )  + a~ .~ (z - -%6) :~  + . . .  (i . . . . .  ,v). 

We c a n  w r i t e  t h e  e q u a t i o n  f o r  t he  Z c o m p o n e n t  of t h e  

i n d u c t i o n  f i e l d  f o r  t h i s  l a y e r  a s  

O h - - e [ ~ t  -~- ( i - - s  ) L (h) = A h - -  ~mCO~ (t - -  x) ~y 

- -  escos ( t - - x )  = O. (1) 

H e r e  A i s  t h e  L a p l a c e  o p e r a t o r ,  h i s  t h e  i n d u c -  

t i o n  f i e l d  s t r e n g t h ,  ~ m  i s  t h e  H a l l  p a r a m e t e r  f o r  

i n d u c t i o n ,  e q u a l  to  t h e  a m p l i t u d e  of t he  t r a v e l i n g  

w a v e  f i e ld ,  s i s  t h e  s l i p ,  ~ t h e  a n a l o g  of  t h e  m a g -  
n e t i c  R e y n o l d s  n u m b e r .  

T h e n  e q u a t i o n  (1) i s  c o n s i d e r e d  i n  t h e  r e g i o n  

(O < t < l) • ~Q(-- p~ < x < p a ,  O ~ g  < d) 

u n d e r  t h e  c o n d i t i o n s  

h(v_.o ) = h(~--d)  ~ O, h(x=p, : )  ~ h ( : c = - p ~ )  

Oh Oh 
Ox(x=p=~ - -  ~3xix=_p=) ~ h(t.--o) = 0 .  

T h u s  t r a n s i e n t  p r o c e s s e s  in  t h e  i n d u c t o r  c i r c u i t s  
a r e  no t  t a k e n  i n t o  a c c o u n t  a n d  i t  i s  a s s u m e d  t h a t  t h e  

t r a v e l i n g  w a v e  i s  f o r m e d  a t  t he  i n s t a n t  t he  i n d u c t o r  

c o n t a c t  i s  m a d e .  
To s o l v e  e q u a t i o n  (1), we m a k e  u s e  of a m e t h o d  

s i m i l a r  to  t h a t  of  G a l e r k i n ,  a s  m o d i f i e d  b y  M. I. 
V i s h i k  f o r  a p p l i c a t i o n  to  m i x e d  b o u n d a r y  v a l u e  p r o b -  

l e m s  w i t h  t i m e  [2]. We s e t  

hO ~ ~ , . mny = --=- ? , a m , ~ ( t ) s m T . ~ -  
1 

?~t, lz 

+ ~, [a,m (t) cos nx @ bran (t) sin nx] sin may 
d ~ 

1 
(2) 

T h e  f u n c t i o n s  

s in  (m~y / d) cos nx, sin (m~g / d), sin nx 

( r e = t ,  2 . . . .  ; n = 0 ,  t, 2, . . . )  

f o r m  a c o m p l e t e  l i n e a r l y  i n d e p e n d e n t  s y s t e m  of  e l e -  

m e n t s  in  t h e  c o r r e s p o n d i n g  H i l b e r t  s p a c e .  C o n s e -  

q u e n t l y ,  f o r  m ~ ~ ;  n ~ r162 h ~ s h o u l d  c o i n c i d e  w i t h  

t h e  s o l u t i o n  of  e q u a t i o n  (1). 

In (2) t h e  q u a n t i t i e s  a m n  (t), b r a n  (t) a r e  unknown .  
To  o b t a i n  t he  c o r r e s p o n d i n g  e q u a t i o n s  we  c a r r y  out  

t h e  s c a l a r  m u l t i p l i c a t i o n  of  L(h  ~ b y  t h e  c o o r -  

d i n a t e  f u n c t i o n s  in  t he  r e g i o n  ~2. We h a v e  

d z'~n a /t~ (t s) nb,~,~ (~) d~amn(t)@~ mn~, ] ~ -  - -  4 -  

k 

_4_ T Z2k2--m N~ km r(__t~k+m 

- -  [b~,(,~._~)(t) --bk(,~+~)(t)] s in t}  = 25'n~s -%~-- [ ( - -  1) ~ -  1] cost  

( m = t ,  2 . . . .  ; n = 0 , 1 , 2  . . . .  ) ,  ( 3 )  

z,~ b ~  ( t ) - - ( t  - - s )  name(t) -t- 

~ km [ ( - -1)  ~ + r " -  t1 {[blc(~-l)(t) + bk(~+l)(t)] cost  + 
" t -  e /--..l k~ - -  rn~ 

+ [ak(,~-x) (t) - -  a1~(,~§ 1) (t)] sin t} 25~.~s �9 = , n ~  [ ( - - t ) " - -  11 s i n  t 

( r e = t , 2  . . . .  ; n = O , t , 2 , . . . ) ,  (4) 

f o r  i n i t i a l  c o n d i t i o n s  

amn (0) = 0, bm~ (0) = 0 .  

H e r e  

z ,~  = (mn / d) 2 @ n ~, ~ = ~.~ / d, 5ml = 1, 6.,(,~1) = O. 

F u r t h e r ,  s e t t l i n g  p r o c e s s e s  a r e  no t  c o n s i d e r e d .  
In t h i s  c a s e ,  in  (3) a n d  (4) we c a n  d i s c a r d  a l l  e q u a -  
t i o n s  in  w h i c h  t h e  s u m  of  t h e  i n d i c e s  a s s o c i a t e d  
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w i t h  a (t) a n d  b (t) i s  a n  odd  n u m b e r .  

E q u a t i o n s  (3) a n d  (4) w e r e  s o l v e d  n u m e r i c a l l y  on  

a d i g i t a l  c o m p u t e r .  T h e  t a b l e  g i v e s  v a l u e s  ( r o u n d e d )  

of  t he  v a r i a b l e s  a t  a s e r i e s  of  p o i n t s  f o r  t he  c a s e  
= 4 .9 ,  fl = 5 .57 ,  s = - 1 .  In  the  e x t r e m e  r i g h t - h a n d  

c o l u m n  t h e  a p p r o x i m a t e  e x p r e s s i o n  f o r  t he  v a r i a b l e s  

i s  g i v e n .  

T h e  f a c t  t h a t  a m n  (t) a n d  b m n  (t) h a v e  a n  e x p l i c i -  
t l y  e x p r e s s e d  s i n u s o i d a l  c h a r a c t e r  a l l o w s  t he  p r o -  

c e d u r e  fo r  d e t e r m i n i n g  t h e  i n d u c t i o n  f i e l d  to  b e  

s i m p l i f i e d .  I f  s t r i c t  r e q u i r e m e n t s  of  a c c u r a c y  a r e  

n o t  i m p o s e d ,  we  m a y  i m m e d i a t e l y  s e t  

a,~0 (t) -- const ,  ~l,.~ (t) : am,~ sin ( n t  - era,,), 

bran ( t )  - - -  b . , , ,  cos ( n t  - -  % , m )  (5) 

in  (2) 

In t h i s  c a s e ,  we c a n  o b t a i n  a l g e b r a i c  e q u a t i o n s ,  

i n s t e a d  of  a s y s t e m  of  o r d i n a r y  d i f f e r e n t i a l  e q u a -  

t i o n s  w i t h  p e r i o d i c  c o e f f i c i e n t s ,  by  c a r r y i n g  out  a 

s c a l a r  m u l t i p l i c a t i o n  of t h e  o p e r a t o r  L (h*) by  t h e  

c o o r d i n a t e  f u n c t i o n s  in  t he  r e g i o n  ft • IO < t < 2~r). 

We h a v e  

k m  k+m  
z ~ , , / , , , , , + ~ k , _ ~ [ ( - - 1 )  --111/~(,, ,>+/~..,,,)l-- 

25rnn es 
- -  e s n g . , .  - -  m #  [ ( - - 1 ) " ~ - - l ] '  (6) 

k 
[ ( _ l ) J " ' ~ _ l  i .  

�9 [gk( . -1)+  g~(n+l)] + e s n / , a .  = 0 (7) 

(Iron = a m n  sin %=n, g m n  = arnn CO$ ~0rnn, ]mo = -- am0) �9 

Here  as  in (3) and (4) the s u m s  of the indices  of 
f a n d  g a r e  e v e n  n u m b e r s .  

Om_q 
la,,I ] / 

-~I[ ~ cJ~ 

F i g .  1 

H e n c e ,  f o r  t h e  c a s e  m e n t i o n e d  a b o v e ,  we  o b t a i n  

an = --  0.374, aal : --  0.034, a~o = --0.0894, a t ~  = 0.043~ 

~l~al = 7t .5 ~ ~psl = 83 ~ ~n = 59". 

T h u s  b o t h  m e t h o d s  g i v e  good  a g r e e m e n t  1or  a m n  

a n d  p o o r  a g r e e m e n t  f o r  S tun"  T h i s  i s  c o n f i r m e d  by  

d a t a  f o r  o t h e r  v a l u e s  o f  a, /i and  s ,  w h i c h  a r c  no t  

g i v e n  h e r e .  T h e  m a r k e d  d i v e r g e n c e  of  t he  s t r e n g t h  

of  t h e  d o u b l e  f r e q u e n c y  f i e l d  s h o u l d  no t  h a v e  m u c h  

e f f e c t ,  s i n c e  t h i s  f i e l d  i s  s m a l l  in  c o m p a r i s o n  w i th  

t h e  b a s i c  f i e l d  ( a l l ) .  

T h e  i n f l u e n c e  of  t he  m a g n e t i c  R e y n o l d s  n u m b e r  

on  t h e  d i s t r i b u t i o n  of  t he  i n d u c t i o n  f i e l d  m a y  e a s i l y  

b e  e s t i m a t e d  f r o m  e q u a t i o n s  (6) a n d  (7). 

As  t he  m a g n e t i c  R e y n o l d s  n u m b e r  i n c r e a s e s ,  t he  

z e r o  a n d  d o u b l e  f r e q u e n c y  f i e l d  d e c r e a s e s ;  on  t h e  

o t h e r  h a n d ,  the  b a s i c  f r e q u e n c y  f i e l d  (a30 i n c r e a s e s .  
F i g u r e  1 g i v e s  t he  a m p l i t u d e  v a l u e s  of  t h e  f i e l d s  

r e f e r r e d  to  f o r  ~ = 5 .57 a n d  s = - 1  ( c u r v e s  1, 2, a n d  

3 c o r r e s p o n d  to  a20, a3t a n d  a22 ). 

h* 

F i g .  2 

T h e  m a g n e t i c  R e y n o l d s  n u m b e r  e x e r t s  a m a r k e d  

e f f e c t  on t h e  f i e l d  d i s t r i b u t i o n  in  t he  f l u id ,  

T h e  f i e l d  d i s t r i b u t i o n  i s  l e s s  s y m m e t r i c  f o r  low 

v a l u e s  of t he  R e y n o l d s  n u m b e r ,  a n d ,  in  t h i s  s e n s e ,  

t h e  H a l l  e f f e c t  i s  s t r o n g e r  ( F i g .  2;  e = 0 .49 ,  /3 = 5 .57 ,  

s = - 1 ,  la111 = 0 .033 ,  c u r v e  1 c o r r e s p o n d s  to  t - x  = 0, 

c u r v e  2 c o r r e s p o n d s  to t h e  v a l u e  t - x = ~ / 2 .  

~s t 

o d g 

-Q5 

F ig .  3 

T h e  f i e l d  d i s t r i b u t i o n  b e c o m e s  m o r e  s y m m e t r i c  

a t  h i g h  v a l u e s  of  t h e  m a g n e t i c  R e y n o l d s  n u m b e r ,  

s i n c e  t h e  z e r o  a n d  d o u b l e  f r e q u e n c y  c o m p o n e n t s  a r e  

l e s s ,  bu t  t he  c o r r e s p o n d i n g  c u r v e s  b e c o m e  m o r e  

f l a t t e n e d  a s  a r e s u l t  of  t h e  i n c r e a s e d  b a s i c  f r e -  

q u e n c y  c o m p o n e n t  (a3i) ( F i g .  3 : 6  = 49,  fl = 5 .57 ,  s = 
= - 1 ,  l a ]  = 1.23,  c u r v e  1 c o r r e s p o n d s  to t -  x = 0, 

c u r v e  2 to  t - x = 7r/2).  In t h e  f i r s t  c a s e  ( F i g .  2) 

t h e  f i e l d  s t r e n g t h  f o r  t - x = 0 i s  c o n s i d e r a b l y  

g r e a t e r  t h a n  f o r  t - x  = ~r/2; in  t h e  s e c o n d  c a s e ,  

t h e  o p p o s i t e  s t a t e  of  a f f a i r s  i s  o b s e r v e d .  T h i s  i s  

t rad 186.6 

all --0.0052 I 
bxt --0.37i j 
a81 --0.006 ] 
b,,t --o,o348 I 
am --0.0884 I 
an 0.0579 

--o.(~o4 

t8~.2 

0.372 
0.0118 
0.O336 

--0.0065 
--0.0879 
--0.0438 

0.0079 

(89.7 

0.0206 
0.371 
0.0t)74 
o. 0344 

-4) A)884 
0.057i 

--0.(x)82 

t91.3 

--0.3719 
0.(1037 

--0. O339 
0.[~)79 

--0. |)878 
--0.0.132 

o.oi21 

192.9 

0.001 
--0,37~ 
--0.00o4 
--0. 0348 
--0.0883 

o. 0582 
--0. oo23 

--0.372 sin (t --  75 ~ 
0.37i cos (t - -  75 ~ 

--0.0335 sin (t - -  85.5 ~ 
0.0345 cos ( t -  85.5") 

--0.0883 
0.(~)7-{ 0.05 sin (2t --  (;8 ~ 
0.0(}3---0.05 cos (2t -- 68 ~ 
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basically connected with the substantial difference 

of time phases ~Pmn as a consequence of the dif- 

ferent q of the medium in the cases mentioned. 

It was assumed above that the amplitude of the 

external field is constant. Consequently, it is also 

assumed that the inductor is considerably wider 

than the channel. However, cases where these di- 

mensions are either the same, or differ only in- 

significantly, are more realisitc. Here the exter- 

nal field does not remain constant over the channel 

width, and the distribution curve for this field is a 

symmetric function with respect to the channel axis. 

It can easily be shown that it is possible to go 

over to equations (6) and (7) in this case also. 

Setting 

i 

(:/) =:= ~ a2~ ( 2 : :  - -  d )  ='~ , 

where  ~(y) is  the ampl i tude  of the ex t e rna l  field,  

a2i a r e  coef f ic ien t s  depending on the inductor  de -  
s ign and the type of exc i t ing  winding, we obtain 

d 
~~ l~(Zl)~ill " ~ Y  dt I = :  �9 ~ ; - -  . - V  [ ( - - 1 )  ''~ 11. 
o 

Thus the factor N must be introduced in the right= 

hand side of equations (3) and (4). Since this factor 

is bounded, one can expect conditions (5) to be sat- 

isfied, if only approximately. This means that equa- 

tions (6) and (7) can be applied even when the chan- 

nel and inductor are of the same width, provided we 

se t  5m 1 = N. 
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